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ABSTRACT 
This work is  concerned wi th  e s t a b l i s h i n g  a parameter space f o r  
accep tab le  ope ra t ion  of a PLL i n  a low s i g n a l  t o  n o i s e  environment. 
An analog s imula t ion  of t h e  IF model w a s  used t o  e s t a b l i s h  and par- 
t i t i o n  t h e  parameter reg ion  i n t o  a reas  of accep tab le  ope ra t ion .  
i npu t  c a r r i e r  t o  n o i s e  r a t i o  determines t h e  parameter of ope ra t ion .  
The 
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CHAPTER I 
CHARACTERIZING A PHASE-LOCK LOOP 
A gene ra l  phase-lock loop i s  diagrammed i n  F igure  1. 
Source 
Kd s i n  ($,(t>> 
vo cos Oo(t> 
KO = t h e  VCO g a i n  
Oe = $i - Oo 
Voltage 
O s c i l l a t o r  
F igure  1 
A General Phase-Lock Loop 
The loop f i l t e r  is  chosen t o  determine t h e  behavior  of t h e  loop. 
The loop f i l t e r  t h a t  w a s  used i n  t h e  subsequent work had a t r a n s f e r  
func t ion  Kf( l+a /s ) .  The loop wi th  t h i s  f i l t e r  i s  c a l l e d  a second o rde r  
low pass  loop by Gardner. (1) 
A vo l t age  c o n t r o l l e d  o s c i l l a t o r ,  VCO, produces a cons t an t  amplitude 
s i n u s o i d a l  ou tput  whose ins tan taneous  frequency i s  a l i n e a r  func t ion  of 
t h e  i n p u t  vo l t age ,  e ( t ) .  That is ,  i f  V cos $,(t) is t h e  output  then,  
0 
d - $ = KO e ( t>  d t  o 
Oo(t> = KO I e( t )  d t  + K 
2 
Laplace t ransforming t h e  f i r s t  equa t ion  g ives ,  
s iPo(s) = KO E ( s )  
i f  $ o ( 0 )  = 0 
O 0 ( s ) / E ( s )  = KO"-' 
This  is  t h e  r a n s f e r  func t ion  used t o  charac te r -ze  t h e  VCO. 
The phase d e t e c t o r  used was a product  device ,  so 
s i n  ($i( t> f $,(t>> 
'iVo and g ( t )  = - 'i'o O r  Kd = - 2 2 
Ord ina r i ly  i n  t h e  a n a l y s i s  of t h e  loop g ( t )  is  neglec ted  a f t e r  a rguing  
t h a t  i t s  frequency i s  s o  h igh  t h a t  t h e  loop rejects i t .  
This argument is  t r u e  even though t h e  loop  f i l t e r  i n  t h i s  case does 
nothing t o  reject h igh  f requencies ,  s i n c e  t h e  VCO rejects h igh  f r e -  
quencies  a t  e ( t )  wi th  t h e  c h a r a c t e r i s t i c s  of an i n t e g r a t o r .  
t h a t  t h e  loop f i l t e r  does no t  reject g ( t )  means t h a t  i n  a real loop  
e i t h e r  a f i l t e r  must be  put  i n t o  t h e  loop be fo re  e ( t )  o r  a f i l t e r  must 
The f a c t  
3 
be  used on e ( t )  o u t s i d e  of t h e  loop t o  re ject  g ( t ) .  
The a c t i o n  of t h e  loop can now b e  diagrammed as shown i n  F igure  
2 i f  g ( t )  is  ignored.  
F igure  2 
The Baseband Loop Model 
I f  0 (t)  is  assumed small then  a l i n e a r  approximation t h a t  s i n +  ( t )  
= Q e ( t )  can b e  made t o  enable  a t r a n s f e r  func t ion  t o  be  w r i t t e n  f o r  
t h e  loop  near  lock .  
This t r a n s f e r  funct ior i  i s ,  
e e 
This is c l e a r l y  a second o rde r  system wi th ,  
- 2 = ~ o ~  K a ,  an 
Wn d f  J K o  Kd Kf a 
and 22;% = KO K K d f  
4 
w 2 w n 
2a 
- - k z -  = 1 / 2  
This second o r d e r  system has  a r o o t  locus  as shown i n  F igure  3.  
Figure  3 
The Second Order, Low Pass Loop Root Locus 
For a q of ,707 t h e  poles  are a t  s = -a+ja and -a-ja. 
It w a s  an assumption throughout t h e  fo l lowing  work t h a t  t h e  second 
o rde r  phase-lock loop i s  completely cha rac t e r i zed ,  even i n  i t s  nonl inear  
behavior ,  by t h e  two numbers and w. This w a s  assumed t r u e  no matter 
Kd, and Kf as long as t h e  product KO K what t h e  va lues  of KO, 
unchanged. 
K w a s  d f  
The shape of t h e  roo t  l ocus  f o r  va lues  of loop ga in  both g r e a t e r  
and smaller than  t h e  s t a t i c  case should be  ve ry  important  i n  determining 
t h e  non l inea r  behavior  of t h e  loop.  For i n s t a n c e ,  r e f e r r i n g  t o  Figure 2 
5 
on page 3 ,  i t  is  reasonable  t o  expect  t h a t  t h e  loop g a i n  is  e f f e c t i v e l y  
decreased as $I approaches - and t h a t  t h e  s m a l l  s i g n a l  ga in  changes IT e 2 
3.rr i s  between - and - For $I >IT t h e  loop would b e  expected IT s i g n  when $I e 2 2 .  e 
t o  b e  uns tab le .  I n  a d d i t i o n ,  amplitude modulation of t h e  inpu t  carrier, 
by no i se ,  f o r  i n s t a n c e ,  can alter t h e  loop g a i n  i n  e i t h e r  d i r e c t i o n .  A 
n o i s e  phenomenon l i k e  I F  impulses ,  which produce very  low amplitude 
carrier inpu t  can thus  be  skipped over  by a s lowly responding low gain 
loop.  
I n  o t h e r  words, any a l t e r a t i o n  of t h e  loop which changes t h e  shape 
of t h e  roo t  l ocus  near  t h e  s ta t ic ,  closed-loop po le s ,  even though 
leaving  t h e s e  l a t te r  unmoved can be expected t o  produce changes i n  t h e  
non-l inear  response c h a r a c t e r i s t i c s .  
6 
CHAPTER I1 
THE LOOP TO BE SIMIJLATED 
The actual loop to be studied has the characteristics that are 
listed below in Table 1, along with the scaled parameters used in the 
simulation. 
TABLE I 
LOOP PARAMETERS 
Parameter and Symbol 
Intermediate Frequencj 
IF, w 
C 
Linearized Loop 
Natural Frequency 
w n 
Linearized Loop 
Damping Ratio 
'n 
VCO Gain, KO 
Kd Detector Gain, 
Loop Filter Gain 
K~ = 2'nwn 
KoKd 
Loop Filter Zero 
w a = -  n 
2'n 
Problem Values 
  IT 50 megaradians 
sec 
10.9 megaradians 
sec 
.707 
Not Known 
Not Known 
Not Known 
- 10.9 megaradians 
E T -  sec 
halog Computer Model 
Value 
2.rr - 100 radians 
sec 
21.8 radians 
s ec 
.707 
  IT (120) radians 
118 units 
sec unit 
.3271 
15.41 radians 
sec 
7 
The computer model va lues  w e r e  g o t t e n  by t imesca l ing  t h e  problem 
w i t h  a n  a of 2 ~ 1 0 - ~  where 
t = problem t i m e  
T = computer t i m e  
t = a-r 
r ad ians  
This l e d  t o  t h e  computer s c a l e d  va lue  of w = 2?~(100)  and w = 
21*8 sec 
g iv ing  h ighe r  f requencies ,  where t h e  analog components would have been 
less accura t e ,  and one g iv ing  lower f r equenc ie s ,  where t h e  n a t u r a l  f r e -  
C s ec n 
r ad ians  . The va lue  of a w a s  chosen as a compromise between one 
quency of t h e  loop would have r e s t r i c t e d  t h e  modulation f requencies  t o  
a range even smaller than  t h e  0 t o  3.5 Hz of t h i s  p a r t i c u l a r  s imula t ion .  
The unknown parameters of t h e  problem w e r e  t h e  VCO ga in  K t h e  
0’ 
d e t e c t o r  ga in  K and t h e  loop f i l t e r  ga in  K The f i r s t  one K w a s  
chosen i n  t h e  s imula t ion  both t o  g ive  a VCO wi th  a wide range of pos- 
s i b l e  f requencies  around 100 Hz, i n  f a c t ,  as h igh  as 170 Hz without  an 
d’ f ’  0’ 
overload,  and t o  g ive  accu ra t e  ope ra t ion  f o r  s m a l l  dev ia t ions  around 
100 Hz. The ga in  used t o  m e e t  t h e s e  cond i t ions  w a s  120 Hz u n i t  
The nex t  parameter,  Kd, w a s  chosen, as d e t a i l e d  below i n  t h e  pro- 
duc t  d e t e c t o r  d e s c r i p t i o n ,  t o  g i v e  t h e  maximum output  c o n s i s t e n t  w i th  
cons ide ra t ions  of t h e  maximum n o i s e  power t o  be  p re sen t  a t  some t i m e s  
i n  t h e  la ter  work. 
1/8 s i n  $,(t) t. 118 s i n  (2wct -k @ i ( t )  + $ ( t ) )  a t  t h e  output  when no 
n o i s e  w a s  p re sen t .  
This  va lue  w a s  1/8 u n i t s  Which gave a s i g n a l  
0 
F i n a l l y  t h e  t h i r d  parameter,  K f ,  w a s  chosen t o  produce a loop 
wi th  5, = .707. 
8 
Since t h i s  va lue  of K w a s  f 
, Kf = , 3 2 7 1  ‘nun Kf = -
KoKd 
The product  d e t e c t o r  w a s  s imulated us ing  a p r e c i s i o n  m u l t i p l i e r ,  
EA1 Model 7.127. 
t o  have a maximum e r r o r  of 5 mv between 1/10 of t h e  a c t u a l  product  of 
two inpu t  vo l t ages ,  and t h e  vo l t age  observed a t  t h e  output .  
Since t h e  ou tpu t  of t h e  VCO i s  e s s e n t i a l l y  a cons tan t  ampli tude 
This u n i t  i s  a q u a r t e r  squa re  m u l t i p l i e r  cons t ruc ted  
s inuso id ,  i t  w a s  s c a l e d  t o  one u n i t  peak va lue .  The o t h e r  i npu t  t o  t h e  
d e t e c t o r  i s  t h e  sum of an  FM carrier and narrow band Gaussian no i se .  
The carrier t o  n o i s e  power r a t i o  w a s  expected t o  g e t  t o  0 o r  -3 db, so 
t h e  r m s  levels of t h e  n o i s e  and carrier could be  about  equal .  The 
l i k e l y  maximum excurs ion  of t h e  n o i s e  is  3 . 5  t i m e s  t h e  rms level, s o  
t h e  carrier peak va lue  w a s  s c a l e d  t o  114 of a u n i t .  
of t h e  n o i s e  could b e  set as h igh  as 113 u n i t  w i th  only  a low p r o b a b i l i t y  
of an overload.  
Then t h e  rms level 
1 /4  + 3.5(1/3) N 1.4  u n i t s  f o r  overload.  
This  would g ive  51 carrier t o  n o i s e  power r a t i o  of -6 db. 
The output  of t h e  d e t e c t o r  i s  d ( t ) ,  t h e  product  of VCO output  and 
carrier p lus  noise .  
(1) The ga in  of t h e  d e t e c t o r  is  thus  Kd = 1/8 as de f ined  by Gardner. 
The VCO w a s  s imula ted  by t h e  i m p l i c i t  func t ion  gene ra t ion  tech- 
n ique  . (2) 
Writ ing,  
d . dO(t) 
d t  d t  - COS 0(t) = - s i n  o ( t )  -
d dO(t) dt s i n  0 ( t )  = cos 0(t) -d t  
impl ies  t h a t  network shown i n  F igure  4 w i l l  genera te  cos 0 ( t )  i f  
6( t )  is  supp l i ed  as t h e  only  inpu t .  
- I - cos @(t) 
s i n  0 
Figure  4 
I m p l i c i t  Function Generation of cos [r$(t)] 
This  s e t u p  w a s  cons t ruc ted  on t h e  analog computer, b u t  d id  not  
produce a cons tan t  amplitude output .  
roughly an  exponent ia l  decay o r  i n c r e a s e  depending on t h e  va lue  of 
d dt 0 ( t )  = w 
Ins t ead  it appeared t o  have 
chosen f o r  t h e  test. 
C 
10 
Since,  
d -At  d - [e d t  cos  O ( t ) ' g =  -AePAt cos  @(t) -e'At s i n  @(t) dt @ ( t )  
d 
=i -[-;- Ae'At cos  O ( t )  + e'At s i n  @(t)] z . O ( t )  
@ ( t )  
And 
d -At d - [e d t  s i n  d ( t ) j =  -Ae'At s i n  O ( t )  + e-At cos  O( t )  x * O ( t )  
= -[7- AeWAt -At  d s i n  O ( t )  -e cos  @(t)] - O d t  
@ ( t >  
d 
d t  It can b e  seen  t h a t  an "A" s m a l l  compared t o  - @(t) r e p r e s e n t s  a small 
phase s h i f t  i n  t h e  loops.  
m u l t i p l i e r s ,  s i n c e  a t  3.00 Hz t h e  s h i f t  was p o s i t i v e  and a t  120 Hz o r  
40 Hz t h e  s h i f t  w a s  nega t ive .  
is  as shown i n  F igure  5 o r  6 .  
This  phase s h i f t  probably occurs  around t h e  
That is ,  t h e  i m p l i c i t  func t ion  generated 
F igure  5 
One V i e w  of t h e  VCO Simulat ion Problem 
11 
Figure  6 
An A l t e r n a t i v e  V i e w  of F igure  5 
I n  t h e  second case, F igure  6 ,  t h e  i n d i c a t e d  phase s h i f t i n g  f o r  A>O , 
is  such as t o  cause t h e  m u l t i p l i e r  ou tpu t s  t o  l e a d  t h e i r  d e s i r e d  responses ,  
i . e .  A=O. 
The f i r s t  diagram above g i v e s  t h e  b e s t  h i n t  of t h e  method used t o  
s t a b i l i z e  t h e  VCO performance. A p o s i t i v e  feedback loop w a s  i n s e r t e d  
around an i n t e g r a t o r  t o  cance l  t h e  two nega t ive  feedback tendencies  a t  
a l l  t h e  d e s i r e d  ope ra t ing  f r equenc ie s .  Then t o  eliminate t h e  r e s u l t i n g  
exponent ia l  i nc reas ing  tendency a l imiter  w a s  added around t h e  same in-  
t e g r a t o r  and set t o  l i m i t  t h e  output  t o  one u n i t  peak value. 
computer diagram is shown i n  F igure  7 i n s i d e  t h e  VCO boundary. 
The f i n a l  
The i n t e g r a t o r  ga ins  w e r e  achieved e i t h e r  by running t h e  TR-20 i n  
t h e  rep-op on, o p e r a t e  on mode o r  by b r ing ing  r e l a y  power t o  t h e  f r o n t  
of t h e  computer t o  b e  used t o  switch i n  t h e  .02 pfd rep-op c a p a c i t o r  i n  
t h e  rep-op o f f  modes. 
1 2  
When t h i s  VCO w a s  cons t ruc t ed  i t  w a s  t e s t e d  f o r  constancy of out-  
pu t  level as a func t ion  of frequency. The r e s u l t s  were as shown i n  
Table 2 ,  
Table 2 
VCO Output Level Var i a t ion  With Frequency 
Output Frequency (Hz) Output Rms Level ( u n i t s )  
80 
100 
120 
.7061 
.TO70 
.7079 
This d a t a  w a s  s e n s i t i v e  t o  t h e  amount of p o s i t i v e  feedback set  by pot  
1, i n  F igure  7 ,  having less v a r i a t i o n  i n  t h e  level f o r  l a r g e r  s e t t i n g s  
of t h e  pot .  The output  d i s t o r t i o n ,  however, increased  f o r  l a r g e r  
s e t t i n g s ,  s i n c e  t h e  diode w a s  b i a sed  on ha rde r  a t  t h e  peak f o r  more 
nega t ive  feedback. 
The ou tpu t  d i s t o r t i o n  w a s  measured wi th  a HP Wave Analyzer (Model 
302A). The r e s u l t s  are i n  Table 3. 
Table 3 
VCO Output Harmonic D i s t o r t i o n  
Output Frequency (Hz) Harmonic Voltage (db) 
120 
80 
1 
2 
3 
4-10 
1 
2 
3 
4-10 
0 
-69 
-7 2 
-72 
0 
-69 
-72 
-72 
This d a t a  w a s  taken a t  t h e  VCO i n t e g r a t o r  w i t h  no feedback loops 
i n  F igure  7 ,  s i n c e  t h e  output  of t h e  o t h e r  w a s  7 db h igher  a t  t h e  
second harmonic. , 
The f i n a l  ques t ion  w a s  t h e  l i n e a r i t y  of t h e  VCO output  frequency 
d '0 
d t  2 4 0 ~  t o  inpu t  DC level. The readings  i n  Table  4 were taken w i t h  [ - - ]EO 
b u t  wi th  t h e  loop o therwise  as set up i n  F igure  7. 
Table 4 
VCO Gain L i n e a r i t y  
Input  ( u n i t s )  (Uin) 
.7000 
.7600 
.8200 
.8800 
.9400 
.9993 
These p o i n t s  are b e s t  f i t  by a l i n e  
f = win -.8500) 118.50 4- 100.616 ou t  
Output Observed (Hz) 
82.871 
89.985 
97.059 
104.18 
111.30 
118 33 
The VCO g a i n  w a s  i n  r e a l i t y  2 ~ ( 1 1 8 . 5 0 ) ,  no t  2 ~ ( 1 2 0 )  as des i r ed .  
e r r o r  w a s  n o t  found u n t i l  t h e  end of t h e  r e sea rch  
w a s  one wi th  5 = .703 i n s t e a d  of .TO7 and wn w a s  
This 1.25% i n  t h e  VCO ga in  was a l s o  observed 
n 
below, s o  t h e  
a l s o  .6% low. 
w a t  t h e  ( c 
2 4 0 ~  
This 
loop 
1 Pot 
i n  F igure  7 .  This  po t  had t o  be  set a t  .8445 t o  cause t h e  VCO t o  free 
run a t  100 Hz. This level w a s  set i n  t h e  a c t u a l  experiments,  so t h e r e  
w a s  no f r e e  running frequency e r r o r  i n  t h e  VCO, j u s t  i n  t h e  s m a l l  s i g n a l  
g a i n  about t h a t  p o i n t ,  The cause of t h e  e r r o r  is no t  y e t  s a t i s f a c t o r i l y  
expla ined ,  a l though it also cropped up i n  t h e  la ter  a t tempt  t o  b u i l d  t h e  
I F  bandl imi t ing  f i l t e r .  
t h e  r e s u l t s  were compared t o  t h e  p red ic t ions .  
There t h e  e r r o r  w a s  -5% low a c t u a l  ga ins  when 
The loop f i l t e r  had a t r a n s f e r  func t ion  
a 15 4 1  Eo (8) 
Ei(s )  S 
-= Kf (1 + ;) = ,3271 (1 i- -) f o r  f n  = 3.470 Hz 
This w a s  s imula ted  by t h e  network shown i n  t h e  Loop F i l t e r  boundary i n  
F igure  7. 
The loop w a s  assembled from t h e s e  t h r e e  components as shown i n  
F igure  7. 
1 / 2  hour ,  t h e  loop w a s  ad jus t ed  as fo l lows .  
t o  100 Hz and .1768 u n i t s  [1/4(.7071)] rms w i t h  no modulation. The VCO 
A f t e r  enough warmup t i m e  t o  s t a b i l i z e  t h e  components, about 
The input  carrier w a s  set 
output  w a s  set t o  ,7071 u n i t s  rms and t h e  we pot  at: t h e  inpu t  t o  t h e  
VCO set t o  f o r c e  t h e  DC level  of e,(t) t o  0.000 u n i t s .  
]. 
d . '0 comes [ - - d t  2401~ 
f o r  a < = .707, wn = 21.8 
Thus eo(t) be- 
The loop s o  c o n s t i t u t e d  ac t ed  i n  t h e  manner pred ic ted  
r ad ians  loop when t e s t e d  as d iscussed  i n  t h e  n s ec 
next  chapter .  This w a s  t r u e  even though no a d d i t i o n a l  provis ion  w a s  
made f o r  suppress ing  t h e  second harmonic t e r m  of t h e  phase d e t e c t o r  out-  
pu t .  This is  a l s o  d iscussed  i n  t h e  fol lowing chapter .  Here it is  j u s t  
argued t h a t  t h e  VCO i s  i t s e l f  a severe  f i l t e r  on any h igh  frequency 
terms which a t tempt  t o  propagate  around t h e  e n t i r e  loop,  so  t h e  pre- 
sence of such terms a t  one po in t ,  [ e ( t ) ] ,  should no t  be  expected t o  
e f f e c t  t h e  loop behavior .  
The s imula t ion  of the phase-lock loop  r e q u i r e s  
a )  Three m u l t i p l i e r s ,  p re fe rab ly  h igh  p rec i s ion .  
b)  Three i n t e g r a t o r s ,  two wi th  ga ins  of 500 and 1000, and one 
wi th  a ga in  of 2. 
c )  Twelve a m p l i f i e r s .  
d )  Seven Pots .  
e) One diode. 
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Figure 7 
The Phase-Lock Loop Simulation 
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CHAPTER 111 
TESTS OF THE LOOP SIMULATION 
This chap te r  p r e s e n t s  tests conducted t o  determine i f  t h e  loop 
cons t ruc ted  ou t  of t h e  t h r e e  modeled elements d i scussed  i n  t h e  previous 
chap te r  ac t ed  i n  t h e  manner p r e d i c t e d  f o r  such a loop.  The r e s u l t s  of 
t h e s e  tests, whi le  n o t  conclusive, ,  d i d  sugges t  t h a t  t h e  loop performed 
as p red ic t ed  and showed t h a t  r e l a t i v e l y  minor a l t e r a t i o n s  produced 
n o t i c e a b l e  changes. 
designed t o  e l i m i n a t e  t h e  second harmonic of t h e  i n p u t  some a d d i t i o n a l  
e f f o r t  w a s  expended looking a t  ways of doing t h i s  w i th  minimal e f f e c t  
on t h e  loop. I n  t h e  end i t  w a s  concluded t h a t  t h e  loop func t ioned  b e s t  
wi thout  such f i l ters  inc luded ,  so  they were n o t  used i n  t h e  subsequent 
s t u d i e s  . 
Since t h a t  loop inc ludes  no component s p e c i f i c a l l y  
I n  t h e  paper  "The Quasi-Stat ionary and Trans i en t  Behavior of Non- 
Linear  Phase-Lock Loops" by Carden, Lucky, and Swinson, (3) t h e r e  is a 
s tudy  of t h e  second o rde r  loop response t o  v a r i a b l e  s t e p  changes i n  
frequency. There is  a p r e d i c t i o n  t h a t  a loop wi th  5 = .707 w i l l  b a r e l y  
A f A€ s k i p  one cyc le  when - = 3.09 and two cyc le s  when - = 3.64. These 
n 
two numbers changed only s l i g h t l y  f o r  5 
3.41, o r  5 = .8, where they are 3.21 and 3.83, s o  t h i s  test is a t  b e s t  
i n d i c a t i v e  and n o t  d e f i n i t i v e .  
n 
f n  f 
= .6, where they aye 2.88 and n 
n 
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Figure  8 
A Block Diagram of t h e  T e s t  Setup 
Figure  8 shows t h e  s e t u p  used f o r  t h e  fo l lowing  test. This test  
w a s  performed by us ing  two s i g n a l  gene ra to r s ,  one as a source  of a 
very  low frequency squa re  wave which then frequency modulated t h e  
second around a f r e e  running frequency of 100 Hz. 
s i g n a l  gene ra to r s  Mere H e w l e t t  Packard 3300's. 
slow enough t h a t  t h e  loop t r a n s i e n t s  had d ied  ou t  a f t e r  one s t e p  change 
be fo re  t h e  next  s t e p  change occurred.  Also t e n  per iods  of t h e  loop  in- 
put  frequency could b e  counted a t  both  t h e  low and h igh  f requencies .  
The loop s i g n a l  e ( t )  w a s  f i l t e r e d  t o  e l i m i n a t e  t h e  second harmonic of 
t h e  carrier and t h e  r e s u l t i n g  s i g n a l  examined t o  determine when a c y c l e  
s k i p  occurred.  
Both of t h e s e  
The square  wave w a s  
See F igure  9 and t h e  a s s o c i a t e d  d i scuss ion  of t h i s  f i l t e r .  
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The fol lowing r e s u l t s  w e r e  observed f o r  t h e  events  l i s t e d  assuming 
always t h a t  f n  w a s  3.470 Hz. 
a )  J u s t  b a r e l y  one cyc le  s k i p  i n  going from a low t o  a h igh  fre- 
quency only.  
Af 
- =  3.03  
n f 
b) J u s t  b a r e l y  one cyc le  s k i p  i n  going from a h igh  t o  a low fre- 
quency and one t h e  o t h e r  way. 
- =  Af 3.10 
n f 
c )  J u s t  b a r e l y  two cyc le  s k i p s  i n  going from a low t o  a h igh  f r e -  
quency and one t h e  o t h e r  way. 
L n 
d) J u s t  b a r e l y  two cyc le  s k i p s  i n  going from a h igh  t o  a low fre- 
quency and two t h e  o t h e r  way. 
- -  af - 3 . 6 4  f n 
These r e s u l t s  w e r e  r epea tab le  t o  +.02 and they a l s o  d i d  n o t  depend 
Af on t h e  s t a r t i n g  o r  ending frequency more than +.02 f o r  a s h i f t  of - 2 .  
These anomalous r e s u l t s  were i n  c l o s e  agreement wi th  those  p red ic t ed  
when t h e  c y c l e  sk ipping  occurred both  d i r e c t i o n s .  
Exact ly  what about t h e  loop caused i t  t o  s k i p  a cyc le  more e a s i l y  
i n  t h e  low-to-high frequency d i r e c t i o n  w a s  n o t  i n v e s t i g a t e d .  The as- 
sumption w a s  made t h a t  t h e  cause of t h e  asymmetry of t h e  Poop would 
no t  a f f e c t  t h e  r e s u l t s  of any o t h e r  experiments apprec iab ly .  
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The r e s u l t s  above showed t h a t  w i th  no e f f o r t  made t o  remove t h e  
second harmonic of t h e  carrier from t h e  loop,  t h e  loop behaved as a 
% 
i n a t e d  t h e  second harmonic, ( t h e  d i f f e r e n t i a l  equat ion  i n v e s t i g a t e d  by 
= .707, f n  = 3.47  Hz loop w a s  p red ic t ed  t o  by a model which e l t im-  
Carden, Lucky, and Swinson). 
One a t tempt  t o  e l i m i n a t e  t h e  second harmonic used a f i l t e r  of t h e  
form 
2 
f 
f 
w 
2 F ( s )  = 
f s2 4- w s + w 
The modeling of t h i s  f i l t e r  is  shown i n  F igure  9 .  
Input  
F igure  9 
A General,  Second Order, Low Pass F i l t e r  
This f i l t e r  is  approximately ga in  1 ou t  t o  s = wf and then  drops 
a t  -40 db/dec. The parameter w w a s  set t o  b e  l a r g e r  than  w of t h e  
loop,  b u t  much smaller than  2w t h e  second harmonic of t h e  carrier. 
A va lue  of w 
f n 
C’ 
w a s  used t o  g e t  t h e  fol lowing r e s u l t s  = 6 . 3  wn = - € 8.5 
2wC 
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on t h e  test used above. Again f n  = 3.470 Hz. 
One c y c l e  s k i p  low t o  h igh  frequency a) 
Af 
f n  
- =  
b)  One c y c l e  s k i p  h igh  t o  
c) Two c y c l e  s k i p s  low t o  
Af 
n f 
- =  
2.90 
low frequency 
2.91 
only.  
and one t h e  o t h e r  way. 
high frequency and one t h e  o t h e r  way. 
3.36 
d) Two c y c l e  s k i p s  h igh  t o  low frequency and two t h e  o t h e r  way. 
- z  Af 3 . 4 1  
f n  
These r e s u l t s  are equiva len t  t o  < = .60 f o r  t h e  assumed wn. 
t h e  loop func t ioned  b e t t e r  without  a second harmonic f i l t e r  i n t e r n a l l y  
Since 
connected, t h e  next  test  w a s  done without  it, and i t  w a s  never replaced.  
The paper ,  "The FDM Demodulating C h a r a c t e r i s t i c s  of Non-Linear 
Phase-Lock Loops" by Carden, Kel ly  and Hin tz , (4 )  has  a p r e d i c t i o n  of 
t h e  maximum level of s i n u s o i d a l  modulation a t  f requencies  below w 
on which t h e  5, 
The set up of F igure  8 w a s  used aga in  except  t h a t  t h e  modulation gen- 
n 
= .707 loop w i l l  remain locked without  sk ipping  cyc le s .  
e r a t o r  w a s  switched over  t o  s i n u s o i d a l  output .  Also t h e  va lue  of Aw 
i n  t h e  express ion  f o r  t h e  inpu t  s i g n a l  
AW 
m 
s ( t )  = A s i n  ( w c t  + - s i n w m t )  w 
could only be  measured by monitor ing t h e  H e w l e t t  Packard VCO i npu t  
vo l t ages  and knowing t h e  ga in  K of t h a t  VCO. Thus t h e  counter  on t h e  
V 
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VCO ou tpu t  w a s  no t  used any longer .  
The procedure used w a s  t h e  fol lowing . 
a )  A modulation frequency w a s  s e l e c t e d  and Aw level i n t o  t h e  VCO 
decreased t o  zero.  
The output  of t h e  phase-locked loop,  e ( t ) ,  w a s  f i l t e r e d  through 
a low pass  f i l t e r  designed t o  e l imina te  t h e  second harmonic of 
t h e  carrier, bu t  pass  t h e  modulation and a number of i t s  har-  
monics. This  w a s  a second o r d e r  f i l t e r  w i th  < = .5 and cor- 
n e r  frequency 2.5 w o r  5.1 w . It a t t e n u a t e d  200 Hz a t  least n n 
40 db below t h e  inpu t  level. 
t h i s  f i l t e r .  
b )  
See F igure  9 f o r  t h e  model of 
c) A s  t h e  modulation level w a s  increased  t h e  demodulated output  
a t  e ( t )  w a s  watched i n  o r d e r  t o  spo t  t h e  f i r s t  occurrence of 
a c y c l e  s k i p .  The level of modulation which caused t h i s  w a s  
measured and converted t o  h. 
The procedure w a s  repea ted  f o r  another  modulation frequency. d )  
Following r e fe rence  ( 4 ) ,  t h e  r e s u l t s  were p l o t t e d  on a graph, 
w 
w w 
Aw m 
n n 
F igure  10 ,  normalized as -vs  -. 
w which w a s  found i n  r e fe rence  (3) t o  be  an  approximate boundary f o r  
s t a b l e  locked opera t ion .  
o t h e r  Carden paper are a l s o  p l o t t e d  t o  v e r i f y  t h e  r e s u l t s  of t h i s  loop 
Also p l o t t e d  is  t h e  curve AUW, = 
n 
The r e s u l t s  of t h e  computer s tudy  from t h e  
s imula t ion .  
Because of t h e  c l o s e  agreement he re  as be fo re  i t  w a s  assumed t h a t  
t h e  s imula ted  loop w a s  a c t i n g  as a < = .707, wn = 21'i (3.47)loop should.  
Nothing is  known, however, about t h e  e f f e c t  a change i n  t h e  parameter < 
22 
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Loss of Lock on a Single Subcarrier 
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has  on t h e s e  r e s u l t s .  
A second f i l t e r  considered f o r  use  i n  t h e  loop t o  e l i m i n a t e  t h e  
second harmonic of t h e  inpu t  is  t h e  band r e j e c t i o n  f i l t e r  wi th  t r ans -  
n 
S 
The Z; of t h e  po le  has  very  l i t t l e  e f f e c t  on t h e  cha rac t e r  of t h i s  f i l -  
t e r ,  which i s  determined p r imar i ly  by t h e  zeroes  a t  s = - w . This 
f i l t e r  w a s  modeled as shown i n  Figure 11. 
2 2 
Figure 11 
A Narrowband Rejec t ion  F i l t e r  
The zero  w a s  pu t  a t  200 Hz,  t h e  second harmonic of t h e  inpu t  carrier. 
5 w a s  se t  t o  1 because t h i s  g ives  t h e  maximum a t t e n u a t i o n  by t h e  poles  
whi le  maximizing t h e  f requencies  of t h e  poles .  That i s ,  f o r  < - < 1 t h e  
poles  are a t  a cons tan t  d i s t a n c e  from t h e  o r i g i n  of t h e  s p lane ,  whi le  
24 
f o r  < > 1 one po le  is c l o s e r  and one f a r t h e r  away. 
frequency response w a s  then measured and some of t h e  r e s u l t s  are i n  
Table 5 .  
This  f i l t e r ' s  
Table 5 
Rejec t ion  Bandwidths of t h e  F i l t e r  i n  F igure  11 
Output a t t e n u a t i o n  (from 20 Hz set a t  0 db) Bandwidth 
-15 db 169.3 Hz t o  236.6 Hz 
-20 db 182.3 Hz t o  220.0 Hz 
-25 db 189.9 Hz t o  211.1 Hz 
-30 db 194.3 Hz t o  206.2 Hz 
-35 db 197.1 H z  t o  203.5 Hz 
67.3 Hz 
3 7 . 7  Hz 
22.2 Hz 
11.9 Hz 
6.6 Hz 
The r e s u l t s  i n d i c a t e  t h a t  a s i g n a l  wi th  wide bandwidth w i l l  no t  
be very  g r e a t l y  a t t enua ted  by t h e  f i l t e r  a t  i t s  band edge. This is 
c h a r a c t e r i s t i c  of t h e  inpu t  carrier t o  t h i s  loop  and a l s o  of t h e  second 
harmonic s i g n a l  which t h i s  f i l t e r  i s  intended t o  suppress .  For in-  
s t a n c e ,  when t h e  
t h e  l o s s  of lock  
g r e a t e r  than  2. 
Since 
behavior  of t h e  loop  is being s t u d i e d  anywhere near  
AW 
w f n 
curve i n  F igure  10 ,  - is g r e a t e r  than  2, whi le  m i s  
The bandwidth of t h e  second harmonic s i g n a l  is  
W = Bmffm = BAf 4 f = 14  Hz n - 
When m 
is thus  no t  much more than  -20 db and can be much less. 
To i n v e s t i g a t e  t h e  above p r e d i c t i o n s  t h e  loop  w a s  set up and t h e  
When t h e  
= 2 and wm = w f n' W is  28 Hz. The a t t e n u a t i o n  of t h e  band edge 
s i g n a l  e ( t )  w a s  passed through t h i s  f i l t e r  o u t s i d e  t h e  loop. 
25 
va lues  of Aw and w w e r e  set t o  g i v e  nea r ly  unlocked ope ra t ion ,  e ( t )  
exh ib i t ed  a l a r g e  amount of second harmonic r i d i n g  on t h e  peaks. 
m 
When 
e ( t )  is  nea r  ze ro ,  t h e  second harmonic i s  n e a r l y  centered  on t h e  f i l t e r ' s  
zero,  s o  i t  is  heav i ly  a t t enua ted .  A t  w = .lw t h e  a t t e n u a t i o n  of t h e  
second harmonic a t  t h e  peak of e ( t )  was only -6 db from t h e  inpu t  l e v e l .  
A t  wm = w 
m n 
t h e  a t t e n u a t i o n  w a s  b e t t e r  a t  about -26 db. n 
Since t h e  conclusion h e r e  w a s  t h a t  t h i s  f i l t e r  d i d  no t  he lp  much, 
i t  w a s  no t  pu t  i n t o  t h e  loop t o  see whether i t ,  i n  f a c t ,  degrades t h e  
system any. 
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CHAPTER I V  
THE GENERATION OF NARROWBAND NOISE 
Once t h e  loop had been s a t i s f a c t o r i l y  s imulated t h e  e f f o r t  turned 
t o  i n v e s t i g a t i n g  its behavior  i n  the presence of l a r g e  amounts of narrow- 
band n o i s e  added onto t h e  inpu t  carrier. The Apollo Unif ied S-band spe- 
c i f i c a t i o n s  c a l l e d  f o r  I F  Bandwidths of 1, 2, 4 ,  14 MHz. A 4 MHz band- 
width w a s  used i n  t h i s  work. 
t hese  were considered t o  be equivalent-noise  bandwidths, no t  3 db band- 
I n  t h e  absence of any c l a r i f y i n g  s ta tement  
widths .  
The equivalent-noise  bandwidth i s  def as 
2 
max This means t h a t  a square  bandpass f i l t e r  of width W and power ga in  H 
passes  t h e  same power t h a t  t h e  f i l t e r  H ( j w )  passes  when t h e  inpu t  is  . 
whi te  n o i s e  i n  both cases. 
Shown i n  Table 6 are some s imple  bandpass f i l t e r s  and t h e i r  cal- 
cu la t ed  IH(jw) I m a x  and W 
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Table 6 
Equivalent  - Noise Bandwidths 
I H ( ~ M )  l m a x  W 
S 
2 1. H1(s) = s2 + 25wcs + Wc 
3 
S L  
2 2  2. H2(s) = (2 + 25WCS + wc ) 
(s2 + 25WCS + WC33 
3 
S 3. H3(s) = 
1 
2 2  
45 Wc 
- 
4 
1 3WcC 
3 3  16  
85 Wc 
An equivalent-noise  bandwidth of .08 f r e q u i r e s  t h a t  
C 
.08w 
C - = -  
2Tr 4 
i n  t h e  f o u r t h  o rde r  case, o r  
The h ighe r  o r d e r  f i l t e r s  are p r e f e r a b l e ,  s i n c e  they  g ive  squarer  re- 
sponses ,  b u t  t h e  improvement between f o u r t h  and s i x t h  order  f i l t e r s  
is no t  g r e a t  enough t o  warrant  t h e  t r o u b l e  of b u i l d i n g  t h e  t h i r d  sec- 
t ion .  
and 5 = .051. 
The f i l t e r  s imula t ion  is  shown i n  Figure  12  where w is 2-T*100 
C 
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Figure  1 2  
The IF  Bandpass F i l t e r  
The i n p u t  i s  broadband, Gaussian whi te  n o i s e  of known s p e c t r a l  den- 
s i t y .  The output  level i s  c o n t r o l l e d  wi th  t h e  s e t t i n g  of t h e  inpu t  pot .  
The bypass c a p a c i t o r  of t h e  f i r s t  a m p l i f i e r  low pass  f i l t e r s  t h e  inpu t  
t o  make t h e  n o i s e  bandwidth less than t h e  bandwidth of t h e  a m p l i f i e r s  
throughout t h e  network. This kept  t h e  overload l i g h t s  o f f  u n t i l  t h e  
output  s i g n a l  a c t u a l l y  overloaded t h e  last  i n t e g r a t o r  on t h e  l a r g e s t  ex- 
curs ions  of t h e  no i se .  The po le  added by t h e  c a p a c i t o r  w a s  a t  about 
5 r ad ians  = 2 x 1 0  1 
lo5  !J x 50 x 10-12fd 
w =  sec 
f 30 KHz 
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Thus t h i s  po le  has  r e l a t i v e l y  l i t t l e  e f f e c t  on t h e  s p e c t r a l  d e n s i t y  a t  
100 Hz, where t h e  f i l t e r  above w a s  peaked. 
A t r u e  r m s  vo l tme te r  w a s  pu t  on t h e  output  t o  c a l i b r a t e  t h e  inpu t  
level pot .  
of t h i s  po t ,  and t h e  cons tan t  of p r o p o r t i o n a l i t y  w a s  used t o  set power 
levels from then  on. The output  of t h e  f i l t e r  f o r  no input  w a s  about 
GmVrms, s o  t h e  f i l t e r  is  n o t  genera t ing  much n o i s e  on i t s  own. 
The output  r m s  level w a s  l i n e a r  w i th  r e spec t  t o  t h e  s e t t i n g  
When t h i s  f i l t e r  w a s  f i r s t  s imulated i t  w a s  no t i ced  t h a t  t h e  peak 
f requencies  of t h e  ind iv idua l  s e c t i o n s  w e r e  a t  99.5 Hz. When t h e  two 
s e c t i o n s  w e r e  connected i n  series t h e  peak moved t o  101.0 Hz. This w a s  
no t  taken as a s i g n  of bad i n t e r a c t i o n  and t h e  pot  va lues ,  4wc and 
w (5ooo/ 
C (-) w e r e  decreased by 1% t o  g ive  a f i l t e r  wi th  a peak a t  100 Hz. A 
p l o t  of t h e  pass  c h a r a c t e r  of t h e  f i l t e r  w a s  made and t h e  asymmetry of 
2000 
t h e  r e s u l t s  w a s  ignored.  Thus t h e  f i l t e r  s imula t ion  used i n  t h e  sub- 
sequent  s t u d i e s  w a s  i n  f a c t  q u i t e  poor. Only later w a s  i t  found t h a t  
t h e  two s e c t i o n s ,  s imula ted  on ad jacent  a m p l i f i e r s  wi th  pa tch  w i r e s  only 
m i l l i m e t e r s  a p a r t  i n  some cases, were s t r o n g l y  coupled nea r  t h e  peak. 
This  coupl ing produced an asymmetry of t h e  pass  cha rac t e r  i n  addi- 
t i o n  t o  s h i f t i n g  t h e  peak frequency t h e  1.5 Hz no t i ced  above. I f  t h e  
p o l a r i t y  of t h e  coupl ing w a s  reversed  by p l ac ing  an  i n v e r t e r  between 
t h e  s e c t i o n s ,  t h e  asymmetry switched from one s i d e  of t h e  pass  band t o  
t h e  o t h e r  and t h e  peak s h i f t e d  1.5 Hz i n  t h e  o t h e r  d i r e c t i o n  from 99.5 
Hz. When t h i s  w a s  discovered,  t h e  s i n g l e  s e c t i o n  pass  c h a r a c t e r s  were 
measured and i t  w a s  found t h a t  each one of them w a s  very  c l o s e  t o  t h e  
p red ic t ed  shape al though peaked at 99.5 Hz i n s t e a d  of 100 Hz. Thus t h e  
major coupl ing w a s  between s e c t i o n s  and no t  i n t e r n a l  t o  a s i n g l e  sec t ion .  
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Then t h e  two s e c t i o n s  w e r e  cons t ruc t ed  on oppos i t e  s i d e s  of t h e  pa tch  
board t o  minimize t h e  coupl ing.  
wi th  a symmetric pass  c h a r a c t e r  q u i t e  c l o s e  t o  t h a t  p red ic t ed  f o r  a 
peak a t  99.6 Hz. The equiva len t -noise  bandwidth w a s  7.9 Hz i n s t e a d  of 
This  produced a f o u r t h  o rde r  f i l t e r  
8.0 Hz. These r e s u l t s  were taken t o  mean t h a t  t h e  i n t e r s t a g e  coupl ing 
is  no t  completely e l imina ted ,  b u t  t h a t  i t  now only  s h i f t s  t h e  peak .1 Hz 
and produces no n o t i c e a b l e  asymmetry. 
The asymmetry of t h e  f i r s t  f i l t e r  gave it  a n  equiva len t -noise  band- 
width of 6.8 Hz. This  means t h a t  t h e  r e s u l t s  from i t  are s t r i c t l y  ap- 
p l i c a b l e  only  t o  a 3.4 MHz I F  bandwidth and not  t h e  4 MHz intended.  
When t h e  coupl ing w a s  e l imina ted ,  t h e  f i l t e r  produced i d e n t i c a l  r e s u l t s  
t o  those  be fo re ,  i f  i t s  equiva len t  n o i s e  bandwidth w a s  set t o  6.8 Hz. 
The source  of n o i s e  f o r  t h i s  f i l t e r  w a s  an  ELGENCO model 603A 
Gaussian wh i t e  n o i s e  genera tor .  The manual(6) s a i d  t h a t  t h e  s p e c t r a l  
-3 vrms dens i ty  w a s  G = 1.1 x 10 -. There w a s  a l s o  no explana t ion  of 
what t h i s  s p e c t r a l  d e n s i t y  meant. 
K E 
2 
S p e c t r a l  d e n s i t y  o r d i n a r i l y  has  u n i t s  of HZ and is  c a l l e d  
power s p e c t r a l  d e n s i t y  when a one ohm load  is assumed. Then t h e  power 
out  of a f i l t e r  i s  
And i f  G(f) is  cons tan t  
iow I H ( j w )  I dw] 
2 
P = 2 G H  [1/2Tr 
U max II max 
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The term i n  parentheses  is  
i n  ques t ion ,  W. 
P =  
t h e  equivalent-noise  bandwidth of t h e  f i l t e r  
* W  V" - = 26 Emax lS-2 
Apparently t h e  f i r s t  f a c t o r  on t h e  r i g h t  is  what t h e  ELGENCO man- 
u a l  g ives  as s p e c t r a l  dens i ty .  
GE = J 2G 
A s  evidence t h a t  t h i s  w a s  indeed s o ,  t h e  n o i s e  gene ra to r  w a s  set t o  1 V r m s  
ou t  ( t h e  level at which it  w a s  assumed t h e  s p e c t r a l  d e n s i t i e s  are t o  be 
measured) and f e d  i n t o  t h e  band pass  f i l t e r  s imula t ion .  I n  t h e  case of 
t h e  f i l t e r  wi th  l a r g e  i n t e r n a l  coupl ing t h e  maximum ga in  w a s  1700, t h e  
equiva len t -noise  bandwidth w a s  6.8 Hz, and t h e  output  w a s  5 .1  V r m s / V r m s  i n  
- 
V r m s  = 1.15 - 5.1  - V - 
G E - ~  H 1700 TiG vrms i n  
max 
I n  t h e  case of t h e  f i l t e r  wi th  s m a l l  i n t e r n a l  coupl ing,  t h e  maximum ga in  
w a s  1585, t h e  equiva len t -noise  bandwidth w a s  7.9 Hz, and t h e  output  w a s  
5.0 V r m s / V r m s  i n  
- 
V r m s  = 5 * 0  = 1.12 V GE = 
f i H  1585 G ~ r m s  i n  max 
This agreement is  good enough t o  imply t h a t  t h e  ELGENCO number is  as 
pos tu l a t ed  above. 
32 
The manual") on t h e  n o i s e  gene ra to r  says  t h a t  t h e r e  is a dynamic 
range 3.5 t i m e s  t h e  rms va lue  i n  t h e  ampl i f i e r s .  
p r o t e c t i o n  t h e  ou tpu t  of t h e  last  i n t e g r a t o r  i n  t h e  f i l t e r  needs t o  be  
less than  
To provide t h e  same 
14 Volts  overload = 4.0 Vrms 
3.5 x =  
4wc This l i m i t s  t h e  output  power t o  about 2 V s m s  s i n c e  t h e  pot ,  (-), 5000 
is about .5. This is  more than  enough t o  give a carrier t o  n o i s e  
power r a t i o  of 0 db and as much as -6 db could be  g o t t e n  by t ak ing  t h e  
n o i s e  ou tpu t  d i r e c t l y  from t h e  l as t  i n t e g r a t o r .  
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CHAPTER V 
THE DEMODULATION OP A NOISY FM CARRIER 
The problem s t u d i e d  wi th  t h i s  s imula t ion  w a s  t h e  frequency de- 
modulation c h a r a c t e r i s t i c s  of t h i s  loop f o r  low carrier t o  n o i s e  power 
r a t i o s .  
The gene ra l  i d e a  w a s  t o  gene ra t e  a curve f o r  a s p e c i f i c  carrier t o  
combinations gave "good de- n o i s e  power r a t i o  t h a t  showed what Aw and w 
modulation" of a frequency modulated i n p u t ,  and what combinations pro- 
duced " s i g n i f i c a n t  degradation" of t h e  ou tpu t .  
I 1  s i g n i f i c a n t  degradat ion" were n o t  de f ined ,  p a r t  of t h e  problem being 
t o  se t t le  on some measurement of t h e  output  which would d i s t i n g u i s h  
t h e s e  two cases. 
m 
"Good demodulation" and 
This  w a s  done a f t e r  some pre l iminary  cons ide ra t ion  of a l t e r n a t i v e  
measurements and t h e  r e s u l t s  are presented  later i n  t h i s  chapter .  The 
o t h e r  measurements considered were n o t  r e j e c t e d  a f t e r  s tudy  as being un- 
s a t i s f a c t o r y ,  they  w e r e  j u s t  no t  as immediately appea l ing  as what w a s  
f i n a l l y  s e t t l e d  on . '  
The technique s e t t l e d  on w a s  a measurement of t o t a l  power a t  t h e  
Aw, and carrier output  f o r  va r ious  combinations of t h e  parameters w 
t o  n o i s e  power r a t i o .  
cons ide ra t ions .  
m y  
This w a s  i n i t i a l l y  motiyated by t h e  fol lowing 
a) One source  of p o s s i b l e  degrada t ion  of t h e  demodulated output  
f o r  h igh  Au i s  t h e  non-l inear  behavior  of t h e  loop seen  a l r eady  f o r  t h e  
case of modulated carrier wi th  no no i se .  A s  t h e  loop approaches l o s s  
of l o c k  on t h e  s i g n a l  a lone ,  n o i s e  might be  expected t o  i n c r e a s e  t h e  
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p r o b a b i l i t y  of t h i s  event  and thus decrease  t h e  amount of demodulated 
s i g n a l  power. 
b )  The phase-lock loop is a l i n e a r  system f o r  s m a l l  Aw, so "good 
demodulation" might b e  def ined  as t h a t  reg ion  i n  which t h e  loop remains 
t o  some degree l i n e a r .  
c )  The average output  power of a l i n e a r  system i s  t h e  mean square  
output  v o l t a g e  i n t o  one ohm, o r  is 
I f  t h e  s i g n a l  and n o i s e  are uncor re l a t ed ,  t h e  last  t e r m  is  ze ro ,  s o  
-- 
2 2 - P = s ( t )  -!- n ( t )  
Also i n  t h e  l i n e a r  system supe rpos i t i on  g ives  a means f o r  measuring both 
s i g n a l  and n o i s e  s e p a r a t e l y ,  s i n c e  n ( t )  is  l e f t  unchanged i f  t h e  s i g n a l  
is  turned o f f  and s ( t )  i s  no t  a l t e r e d  i f  t h e  n o i s e  is  turned o f f .  
These cons ide ra t ions  l e d  t o  t h e  fol lowing scheme f o r  c h a r a c t e r i z i n g  
t h e  demodulation performance of t h e  loop.  
P ick  a carrier t o  n o i s e  power r a t i o  and measure t h e  output  n o i s e  
power i n  t h e  absence of s i g n a l ,  t h a t  i s ,  wi th  Aw = 0. 
a )  
b)  Turn t h e  n o i s e  o f f  and p i ck  a modulation frequency. Measure t h e  
output  s i g n a l  power a t  d i f f e r e n t  l e v e l s  of Aw, from Aw = 0 up t o  and even 
beyond t h e  p o i n t  where t h e  loop has  l o s t  lock .  
c )  Now t u r n  t h e  no i se  on and measure output  power as a func t ion  of 
Aw i n  t h e  same range as i n  P a r t  b .  
su red  h e r e  a t  a s p e c i f i c  ALII and t h e  sum of t h e  n o i s e  power from P a r t  a 
The d i f f e r e n c e  between t h e  power mea- 
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and t h e  s i g n a l  power f o r  t h a t  Aw from P a r t  b, is  a measure of t h e  de- 
v i a t i o n  of t h e  loop from l f n e a r  behavior .  
d )  
e) When a l l  t h e  modulation f requencies  d e s i r e d  have been used, 
Go t o  P a r t  b wi th  a new modulation frequency. 
go t o  P a r t  a wi th  a new carrier t o  n o i s e  power r a t i o .  
The output  power w a s  measured by a c t u a l l y  measurfng t h e  mean 
squared output  v o l t a g e  and assuming a 1 'd load ,  
n a l  from t h e  loop,  e ( t )  o r  [ 
reject  t h e  second harmonics of t h e  carrier. This f i l t e r i n g  w a s  no t  
done s p e c i f i c a l l y  t o  bandl imi t  t h e  FM demodulator n o i s e ,  so  t h e  corner  
frequency was put  a t  5 . 1  w . 
i n  one test w i t h  0 db carrier t o  n o i s e  r a t i o ,  t h e  output  no i se  power 
remained cons t an t .  Thus t h e  loop n o i s e  is l i m i t e d  t o  2.5 w o r  less and 
is  included i n  t h e  output  power measurements of t h i s  s tudy .  
The demodulated s ig -  
0 
8 
1, w a s  f i r s t  low pass  f i l t e r e d  t o  d 
When t h i s  frequency w a s  s h i f t e d  t o  2.5 wn n 
n 
Af t e r  pass ing  through t h i s  f i l t e r  e ( t )  w a s  squared wi th  a non-pre- 
c i s i o n  q u a r t e r  square  m u l t i p l i e r .  This  has  d e f i n i t e  draw backs as f a r  
as accuracy goes,  b u t  it could no t  be  avoided. 
vo l t ages  3.5 tirpes t h e  r m s  va lue ,  t h e  output  must be  a b l e  t o  range 
(3.5) Thus t h e  mean 
I n  o rde r  t o  accomodate 
2 t i m e s  t h e  mean squared va lue  o r  12  114 t o  1. 
squared output  level must b e  kept  below 12.25 lo4 o r  about .ll u n i t s .  The 
r m s  va lue  must be  less than  .33 u n i t s  i n t o  t h e  m u l t i p l i e r .  
The s i g n a l  ou t  of t h e  m u l t i p l i e r  w a s  e f f e c t i v e l y  t i m e  averaged by 
pass ing  i t  through a 100 sec t i m e  cons tan t  s imple low pass  c i r c u i t  as 
shown i n  F igure  13. 
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. O l  
e i n  
e ou t  
F igure  13  
The T ime  Averaging F i l t e r  
For ze ro  inpu t  t h i s  c i r c u i t  had a -45 m i l l i v o l t  DC output .  
apparent ly  due t o  t h e  con tac t  p o t e n t i a l s  of t h e  p o t s .  
This was  
This o f f s e t  vo l t age  w a s  removed from a l l  t h e  d a t a  from t h i s  f i l t e r .  
The care takeh i n  t h e  use  of t h e  loop t o  remove t h e  DC component of 6 
by adjustment of t h e  carrier and VCO frequency t o  e q u a l i t y  w a s  a l s o  im- 
p o r t a n t  f o r  g e t t i n g  good r e s u l t s  from t h e  mean square  vo l t age  measurements. 
The 100 sec t i m e  cons tan t  f i l t e r  w a s  no t  enough t o  smooth the output  f o r  
easy reading,  so  a f t e r  500 secs of s e t t l i n g  t o  a mean square  level a 240 
sec o r  480 sec p l o t  w a s  made and t h e  average va lue  picked ou t  by eye,  
0 
An a l t e r n a t i v e  f i l t e r  without  t h e  o f f s e t  v o l t a g e  of t h a t  i n  Fighre 
13 w a s  t h e  one shown i n  F igure  14 .  
e 
e ou t  
F igure  14  
An A l t e r n a t e  S i m u l a t h n  of t h e  T i m e  Averaging k’ilter 
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It w a s  a l s o  easier t o  set t h i s  f i l t e r  t o  be  a c c u r a t e l y  ga in  1 o r  gain 
10 a t  DC. 
The s e t u p  used t o  c o l l e c t  t h e  d a t a  was t h a t  shown ia Figure  15. 
Noise Power 
F igure  15 
The Setup Used t o  Study Noisy Demodulation 
Refer r ing  t o  F igure  15 t h e  osc i l l o scope  w a s  used t o  measure t h e  
peak v o l t a g e  set by t h e  Aw Uvel c o n t r o l .  This could then  be  converted 
t o  Aw. The t r u e  r m s  vo l tmeter  w a s  used t o  main ta in  t h e  inpu t  n o i s e  level 
t o  1 vrms w i t h i n  several pe r  cent .  This w a s  b e t t e r  than  t h e  meter on t h e  
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f r o n t  of t h e  n o i s e  genera tor  would al low and thus  helped i n s u r e  re- 
p e a t a b i l i t y  of t h e  measurements. 
t h e  I F  F i l t e r  w a s  used t o  c o n t r o l  t h e  carrier t o  n o i s e  power r a t i o  i n t o  
t h e  phase-lock loop. 
The n o i s e  power level c o n t r o l  be fo re  
The f i r s t  observa t ion  made w a s  t h a t  carrier t o  n o i s e  power r a t i o s  
g r e a t e r  than  12  db were no t  very much d i f f e r e n t  than  t h e  no n o i s e  case. 
Thus t h e  va lues  +12, + 6 ,  3 ,  and 0 db were s e t t l e d  on as t h e  ones t o  s tudy  
i n i t i a l l y .  
The second observa t ion  w a s  t h a t  f o r  t h e  range of va lues  given above, 
n o i s e  power o u t  i s  d i r e c t l y  p ropor t iona l  t o  n o i s e  power i n .  It is  j u s t  
below 0 db t h a t  t h i s  becomes no longer  t r u e .  
i n  F igure  16. 
These r e s u l t s  are d isp layed  
The t h i r d  observa t ion  w a s  t h a t  i n  t h e  absence of no i se ,  s i g n a l  power 
out  i s  d i r e c t l y  p ropor t iona l  t o  s i g n a l  power i n  up t o  t h e  po in t  where 
l o s s  of l ock  occurs  a t  each cyc le .  Because i t  is  known t h a t  d i s t o r t i o n  
appears  i n  t h e  demodulated s i g n a l  be fo re  l o s s  of lock ,  t h e  same is no t  
t r u e  of t h e  power a t  t h e  fundamental frequency, b u t  t h e  wide band low 
pass  f i l t e r  a f t e r  e(t)  passes  a t  least t h e  f i f t h  harmonic and e s s e n t i a l l y  
a l l  of t h e  power. This f a c t  w a s  e s p e c i a l l y  encouraging because i t  pro- 
mised t o  make i t  r e l a t i v e l y  easy t o  t e l l  when t h e  s i g n a l  power out  i n  
t h e  presence of n o i s e  no longer  followed s i g n a l  power i n  as t h e  l i n e a r  
analogy sugges ts  i t  should.  
The observa t ions  of t h e  loop ' s  behavior  w i th  both modulation and 
n o i s e  p re sen t  are d isp layed  i n  Figures  17  through 21. There is  one 
f o r  each of t h e  f i v e  modulation f requencies  s t u d i e d ,  Wn, . 7 5 W  , . 5 W  
.25wn and . 2 9 ~  
n n '  
which w a s  1 Hz. The las t  w a s  a convenient frequency n 
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Figure 18 
Estimated r m s  Signal VS. Ao/on 
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used u n t i l  i t  w a s  decided t h e  r e s u l t s  were promising enough t o  warrant  
t h e  f u r t h e r  coverage of t h e  o t h e r  f requencies .  The graphs d i sp lay  t h e  
es t imated  s i g n a l  r m s  vo l t age ,  w i th  an a r b i t r a r y  scale, as a func t ion  of 
Ab) - f o r  no n o i s e  and +12 db, +6 db, +3 db, and 0 db carrier t o  n o i s e  
‘n 
power r a t i o s .  The Vrms scale i s  l e f t  a r b i t a r y  because t h e  ga in  of t h e  
d e t e c t o r  and loop f i l t e r  i n  t h e  phase-lock loop determine t h i s  level,  
b u t  are no t  uniquely determined i n  a loop wi th  given w and < . The 
es t imated  s i g n a l  r m s  vo l t age  $ is p ropor t iona l  t o  t h e  square r o o t  of 
t h e  d i f f e r e n c e  between t o t a l  power o u t ,  Pt ,  and t h e  n o i s e  power out  
wi th  no modulation, P . 
n n 
n 
h 
s = k  d P  - P  
t n  
For t h e  no n o i s e  ease P = 0 and f o r  t h e  f o u r  n o i s e  levels which 
g ive  +12 db, +6 db, 9 3  db, and 0 carrier t o  n o i s e  power r a t i o s ,  P v a r i e d  
approximately between t h e  l i m i t s  i n d i c a t e d  by m a x i m u m  and minimum s lopes  
n 
n 
i n  F igure  16.  This produced no s i g n i f i c a n t  problems except  f o r  0 db i n  
t h e  case of w = .5, .75, and 1.00 w . Here t h e  n o i s e  power v a r i e d  be- 
tween .45 and .50 i n  t h e  a r b i t a r y  u n i t s  chosen f o r  t h e  r m s  output .  A t  
t h e  same t i m e  t h e  s i g n a l  power f o r  < - .5 w a s  less than  .2. Thus t h e  
v a r i a b i l i t y  i n  n o i s e  power produced s i z e a b l e  unce r t a in ty  i n  t h e  estimate 
m n 
n 
of s i g n a l  power i n  t h i s  range of parameters.  
t o  f i n d  a c c u r a t e  p o i n t s  on t h e  0 db curve i n  t h e  reg ion  
t h e  most p a r t  f u t i l e .  
For t h i s  reason t h e  at tempt  
< .5 w a s  f o r  
One prominent f e a t u r e  i n  F igures  1 7  t o  21  is  t h e  tendency f o r  t h e  
es t imated  s i g n a l  t o  very  c l o s e l y  fo l low t h e  no n o i s e  s i g n a l  u n t i l  a 
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"threshold" level of Aw w a s  surpassed ,  a t  which t i m e  t he  assumption of 
cons t an t  n o i s e  power produced a d e v i a t i o n  from t h i s  l i n e .  Drawn i n  on 
each Figure  is  a s t r a i g h t  l i n e  which is  one db down from t h e  s l o p e  de- 
termined f o r  t h e  no n o i s e  case. 
c rossed  t h i s  l i n e  were def ined  as t h e  th re sho lds  i n  AW beyond which t h e  
The p o i n t s  where es t imated  s i g n a l  
loop w a s  " s i g n i f i c a n t l y "  non-l inear  i n  i t s  ope ra t ion .  
p l o t t e d  on a w vs - parameter p lane  i n  F igure  2 2 .  
wm - axis is l a b e l e d  t h e  -3 db th re sho ld  because ( r e f e r r i n g  t o  F igure  16 ) ,  
n 
i t  can be  seen  t h a t  t h e  output  n o i s e  power is  one db low from t h e  pre- 
These p o i n t s  are 
On t h i s  f i g u r e  t h e  
w 
w 
A W  m 
n n 
w 
d i c t e d  l i n e a r  l e v e l  i n  t h e  v i c i n i t y  of -3 db. Vertical b a r s  are used 
t o  i n d i c a t e  t h e  unce r t a in ty  i n  t h e  l o c a t i o n  of t h e  th re sho lds ,  due 
mostly t o  t h e  i n t e r v a l  between app l i ed  levels of w , bu t  occas iona l ly  
due t o  t h e  low ang le  between t h e  one db down l i n e  and t h e  es t imated  s i g -  
w 
m 
n 
n a l  curves  o r  t h e  unce r t a in ty  i n  e s t ima t ing  t h e  s i g n a l .  
Another f e a t u r e  i n  Figures  19 t o  2 1  is t h e  d i f f e r e n c e  i n  behavior  
of t h e  no n o i s e  curve and t h e  n o i s e  curves  a t  h igh  Am. Whereas even 
t h e  +12 db curve fo l lows  t h e  t r end  e s t a b l i s h e d  by t h e  o t h e r  n o i s e  curves ,  
t h e  no n o i s e  case shows a more d r a s t i c  drop i n  s i g n a l  power beyond t h e  
-1 db threshold  o r  t h e  l o s s  of l ock  level. The presence of s m a l l  amounts 
of n o i s e  appears  t o  reduce t h e  d i f f e r e n c e  between ope ra t ing  on one s i d e  
of t h e s e  th re sho lds  o r  t h e  o t h e r  s i d e .  
The s l o p e  of t h e  no-noise, es t imated  s i g n a l  curve varies from one 
f i g u r e  t o  t h e  next  i n  a f u l l y  p r e d i c t a b l e  fash ion .  The es t imated  s i g -  
n a l  r m s  level i s  obta ined  by squar ing  l O e ( t ) ,  mul t ip ly ing  t h e  r e s u l t  
by t e n  and t i m e  averaging,  and t ak ing  t h e  square  r o o t  of t h e  r e s u l t  i n  
v o l t s  r m s .  
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I n  t h e  event  e ( t )  i s  s i n u s o i d a l  t h e  r m s  va lue  is  j u s t  l/J?: t i m e s  t he  
peak va lue ,  s o  
e l o r n  G =  
J?: max 
But  
d - e, e (t) 0 = d t  max 
2 4 0 ~  
d 
e max = dt m l m a x  
so 
A d e )  
(dt o max s =  24  IT 
For a s i n u s o i d a l  i npu t  frequency, 
- d 
d t  1 m e , ( t )  = AW s i n  w t 
so 
This means 
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The last  express ion  can be eva lua ted  by r e f e r r i n g  t o  t h e  l i n e a r i z e d  
t r a n s f e r  func t ion  from Chapter I. 
w 
22; w (s + A )  
2'n 
s2 + 25 w s + w 
K ( s  + a) n n  - 0 0 
'i 
- =  
t2 s2 + Ks + Ka n n  n 
w 
w 
j 2 r n  m + 
n 
2 w 
w + j 2 C n A  
2 n w 
m - 
w n 
+ 1  
'I 0 
b t h i s  s i m p l i f i e s  t o  = - and - = I Using 2; n n  n 
Thus 
- =  .$ 
- 241~ 1 + b4 
n 
J-5 (21.8) (1 + 2b2)1/2 
w 
This formula p r e d i c t s  t h e  s lopes  of t h e  no-noise curves  f o r  d i f f e r e n t  
- v a l u e s .  
w 
w 
m 
n 
These are compared i n  Table 7 wi th  t h e  a c t u a l  s lopes .  
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Table 7 
Demodulation Gains 
8/laW/wn (Predic ted)  (Me as u r  ed)  
.25 
.29 
.50 
.75 
1.00 
.690 
695 
.766 
.819 
.791 
.69 
.70 
.78 
.85 
.80 
These r e s u l t s  are very  s a t i s f y i n g ,  s i n c e  t h e  s t a i g h t  l i n e s  imply t h a t  
t h e  loop i s  l i n e a r  and t h e  p r e d i c t i o n  h e r e  of t h e i r  s lopes  impl ies  
t h a t  t h e  loop obeys t h e  l i n e a r  t r a n s f e r  func t ion .  Thus t h e  t o t a l  out- 
pu t  power is  very  w e l l  p r ed ic t ed  from t h e  t o t a l  i n p u t  power by t h e  
l i n e a r  t r a n s f e r  func t ion  i n  t h e  case of no noise .  Whether t h i s  is 
t r u e  a l s o  of power a t  t h e  fundamental of t h e  modulation frequency o r  
n o t  is  probably t h e  b igges t  ques t ion  r a i s e d  by t h e s e  r e s u l t s .  
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